The difference between the effective Hamiltonians in two methods, the Dirac and Schroedinger equation method is analyzed. It is shown that the difference between quantum potentials is coming from the existence or vanishing of the uncertainty principle in the direction normal to a subspace embedded in a Euclidean space. § 1. Introduction
( [1] [2] [3] [4] where K is the covariant kinetic operator on VL, and Hj is the Euler-Schouten tensor 2 ) which is, as explained later, related to the extrinsic curvature defined on the subspace. In the following we will explain why such a difference between Veff and Veff occurs. For simplicity, the explanation is given in the case N -L=I, but the extension to the case N -L > 1 is straightforward. Let us consider the region .2;'N sandwiched by two very close hypersurfaces VL and V/ in R H , any point in which is specified by a set of N curvilinear coordinates, Note that qO-coordinate is normal to VL and V/, and any point on VL can be specified by coordinates {q\ q2, q3, .. -----------------7 Fig. 1 .
Therefore the metric on VL is given as
Following the above form, we define every quantity on hypersurface (qo=O) without a tilde. Now we consider a particle motion in IN. The Hamiltonian is for a free particle in RN with a suitable boundary condition,
where x A is the Cartesian coordinate in RN, and PA is its conjugate momentum. The momentum PA can be rewritten by using the curvilinear coordinates such as Here the relations between the metrics g pv, gPV and the transformation coefficients
Also pp is defined as the momentum conjugate to qP having the differential form 'as (1·12) the form of which is required by the Hermiticity in the inner product.
(1'13)
Then we can rewrite the Hamiltonian (1· 8) in terms of the curvilinear canonical coordinates by using (1·.9) as .
.
(1'14)
Though the above Hamiltonian is the starting point of the Schroedinger equation method, it is not convenient to talk about the relation between two methods. For our object we prefer the following one,
where Vp is the covariant derivative in IN. It should be noted that when we use the definition of covariant derivative, the last term of (1·15) vanishes and we see that H is identical with Ho in IN. On the other hand, if we set up the problem in the hypersurface which is defined by the second class constraint qO=O in IN, we have also the momentum constraint: Po=O (which also means there is no uncertainty principle in the direction normal to hypersurface). In this case, we take qO, Po=O In the next section it will be shown that, when we take the limit q°-->O in (1·15) by keeping the uncertainty relation [qO, Po]=ifi, we obtain the Hamiltonian (1'2) . Throughout the calculation, we will find the root of the difference between V eff and V eff • In considering the q°-->O limit of (1'15), we note the limits of basic quantities except the trivial ones. In the above equation bij is called the second fundamental tensor and its indices are raised and lowered by the metric gij and gij, respectively. . Note that, multiplying the normal vector eoA on both sides of (2' 2) and using the relations one obtains Weingarten equation (2°3). The l.h.s.of (2°3) can be rewritten by using the definition of ef.'A as So we have the relation
We will now take the q°---?O limit of the Hamiltonian (loIS):
where we have used the relations (2°1) and ooeo A is effectively vanishing due to the relation oo §oo=O. We note that (2°6)
Here we have used differential representation for Po by (1°12). Now we can talk about the essence of the difference between Veff and Veff as follows. In the Dirac method there is no momenta in the normal direction from the beginning; thus we obtain H~tr (1·1) by dropping 00 terms in (2 0 S), that is, by eliminating (b) and a part in (c) related to 00, this procedure saves (c) from vanishing. On the other hand, in the Schroedinger equation method, the 00 parts remain, and due to Gauss equations (2 °2) Especially the last term in (2 ·12) can be rewritten in the following form:
where we have used the relation
In the above calculation, [a0 2 gu]0=2gkmbikbjm is used, which is derived from the vanishing of total curvature!} R~oj=O in };N. As is easily seen (2·13) is the same as (-l1N2·[7~ormal)+ Veff, i.e., the divergent term+the quantum potential. § 3. Conclusion
We have considered the relation between the Dirac and Schroedinger equation methods. These two methods are different in the treatment of constraint, that is, the existence or absence of the momenta in the normal direction and the related uncertainty principle (hereafter abbreviated to UPN). We found the difference between Veff and Veff comes from UPN (such as [Po, gij]qO=O, etc.). The effect of UPN is not only to give a divergent term in Hamiltonian but also to cancel out Veff and produce Veff. In the realistic embedding problem it is not sure which method is preferable, because it depends on how the UPN is frozen or how its divergence is renormalized in its model.
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